In this paper we show a connection between Levin-Nohel integro-differential equations and ordinary functional differential equations. Based on this connection, we obtain several new conditions for the stability of the solution, including the famous 3/2 stability criterion.
Introduction
It is well known that the Levin-Nohel integro-differential equations have many applications in various fields of science and engineering. This class of equations was first studied by Volterra [] in connection with a biological application. As is well known, the explicit solutions of the Levin-Nohel equations can rarely be obtained. Therefore, it is necessary to investigate stability properties of the solution.
For the Levin-Nohel equations of convolution type with a constant delay, the stability problem was solved by Levin and Nohel [, ] in the s when they successfully constructed a Liapunov functional. About  years ago, a new technique of fixed points developed for studying stability of functional differential equations. Based on this technique, many very nice results have been obtained for asymptotic stability of the non-convolution Levin-Nohel equations with a variable delay (see, for instance, [-]).
Let us now consider the non-convolution Levin-Nohel integro-differential equations with several variable delayṡ
The stability of equation () has been recently investigated by the author in [, ] . More specifically, we used the method of fixed points to study the asymptotic stability in [] and employed a technique of Bohl-Perron type theorems to obtain the sufficient conditions for the exponential stability in [] . The stability conditions obtained in those two papers are new and improve those established previously by the different authors.
The aim of the present paper is to continue looking for some new stability conditions for () and to establish stability conditions for quasilinear Levin- 
The method, which will be used in this paper, is very different from that of the papers mentioned above. Our idea is as follows: we first transform Levin-Nohel equations into an ordinary functional differential equation and then we employ known stability conditions for functional differential equations to obtain the stability conditions for Levin-Nohel equations. Since the stability theory of functional differential equations is very rich (see, e.g.
[-]), we are able to look for a lot of different conditions for the stability of equations () and (). The rest of this paper is organized as follows. In Section , we formulate and prove a transfer theorem for general Levin-Nohel equations. Section  is devoted to a study of the stability of linear Levin-Nohel equations with several delays. The stability of quasilinear Levin-Nohel equations is discussed in Section . Conclusion is given in Section .
Preliminaries and the transfer theorem
The aim of this section is to provide a transfer theorem for the Levin-Nohel equations with several variable delays of the forṁ
where, for each k ∈ {, , . . . , M}, a k (t, s) and r k (t) are measurable functions and f k is a Lipschitz function with f k () = . We note that the conditions on f k , k ∈ {, , . . . , M} ensure that () has the zero solution.
For the convenience of the reader, let us recall some fundamental concepts. For each t  > , we define
and denote by C(t  ) the space of continuous functions on [m(t  ), t  ] with the supremum norm · t  , which is defined by
, we denote by x(t) = x(t, t  , ϕ) the unique solution to equatioṅ
with the initial data 
The main results of this section are stated in the following theorem. 
Theorem  (Transfer theorem) Let x(t) be the unique solution of equation (
Then:
is also the solution to the following equation:
. In addition, we assume that, for each k ∈ I, f k (x) = x ∀x ∈ R and
Then there exists a function h(t) such that  ≤ h(t) ≤ max k∈I r k (t) for all t ≥  and x(t) is also the solution to the following equation:
We first note that equation () can be rewritten as follows:
Since f k , k ∈ I are continuous functions and the kernel a k (t, s) has the property (), we can apply the mean value theorem for integrals to infer that, for each
and the above relation becomes
Inserting equalities () into () leads us to equation () and so the proof is complete. . Under the assumption f k (x) = x, k ∈ I, equation () now reduces tȯ
It follows from the facts
As a consequence, we have
This, combined with the condition
We therefore can obtain the estimate
By the intermediate value theorem there exists c(t) ∈
Set h(t) = t -c(t), then  ≤ h(t) ≤ max k∈I r k (t) and the above relation becomes
So we can finish the proof by inserting () into ().
Remark  If the kernel a k (t, s) and the delays r k (t), k ∈ I, are continuous, then the functions h k (t), k ∈ I, and h(t) are continuous too. This observation will be used to prove Theorems , , and  below.
Linear Levin-Nohel equations
In this section, we use Theorem  to recover some known results and establish new stability conditions for the linear Levin-Nohel equations with several delays of the form (). We first observe that if I is a subset of {, , . . . , N}, then the solution x(t) of () is also the solution to the equatioṅ
where
is a mixed linear Levin-Nohel equation, its stability has been studied in [] . Hence, in this whole section, we only consider I = {, , . . . , N}.
We start with the simplest case, where, for any k ∈ I = {, , . . . , N}, the kernel a k (t, s) satisfies the two conditions () and (). Thanks to the second part of Theorem  we know that the unique solution x(t) of () is also the unique solution to the following equation:
where the delay h(t) is some function satisfying  ≤ h(t) ≤ max ≤k≤N r k (t) for all t ≥ . Equation () is a functional differential equation with a variable delay of the forṁ
Obviously, the stability conditions for () are well established. When the delay h(t) is infinite we have the following results.
Proposition  (Graef et al. []) Suppose that b(t) ≥  for all t ≥  and the delay h(t) is such that
lim sup
Then the zero solution of equation () is asymptotically stable if and only if
Let us now apply Propositions  and  to establish the stability conditions for the zero solution of (). 
where q := max{max t≥ r  (t), max t≥ r  (t), . . . , max t≥ r N (t)}.
Proof Since  ≤ h(t) ≤ max ≤k≤N r k (t) for all t ≥ , this implies that max t≥ h(t) ≤ q.
Hence, from the non-negative property of a k (t, s) and (), we can deduce
From () and the first part of Proposition , we can conclude that the zero solution of equation () is uniformly stable for any function h(t) satisfying  ≤ h(t) ≤ max ≤k≤N r k (t).
So is the zero solution of equation () because the solution x(t) of equation () is also the solution of equation () with some function h(t).
The proof of uniformly asymptotical stability can be done similarity and, hence, we omit it here.
Remark  If the kernel a k (t, s) satisfies the two conditions () and (), then a k (t, s) ≥  because of its continuity. That is why we imposed the condition a k (t, s) ≥  ∀(t, s) in Theorem .
To provide an illustrative example, let us consider the class of convolution Levin-Nohel equations: 
Then the zero solution of equation () is asymptotically stable.
Proof By using the same arguments presented in the proof of Theorem , the desired result follows directly from Proposition .
Remark  The results of Theorems  and  are well known; see e.g. [] . We restate these results here to illustrate the usefulness of the transfer theorem. By using the transfer theorem, the proofs of Theorems  and  are very simple.
Let us now consider the case, where, for any k ∈ I = {, , . . . , N}, the kernel a k (t, s) fulfils the condition (). Thanks to the first part of Theorem  we know that the unique solution x(t) of () is also the unique solution to the following equation:
which belongs to the class of functional differential equations with several variable delays:
For the stability of (), we recall the following important result from Theorem  in [] . 
Proposition  (Berezansky and Braverman []) Suppose that there exists a set of indices
then equation () is exponentially stable.
As a product of Proposition , we can obtain new conditions for the exponential stability of equation () in the next theorem. 
Remark  If J = {j}, where j ∈ {, , . . . , N} then the condition () reduces to
If J = {, , . . . , N} then the condition () reduces to
Remark  The exponential stability of equation () has been recently discussed in [] . To the best of our knowledge, that paper seems to be the first one studying the exponential stability of Levin-Nohel integro-differential equations. Theorem  thus is an interesting and important contribution because it provides us one more sufficient condition for the exponential stability.
To illustrate Theorem  we consider the class of convolution Levin-Nohel equations with two constant delays: 
Then equation () is exponentially stable.
Quasilinear Levin-Nohel equations
The aim of this section is to establish stability conditions for quasilinear Levin-Nohel equations of the form (). To the best of our knowledge, till now, the stability problem for this new class of the Levin-Nohel equations has not yet been addressed. We impose the assumptions:
(a) For each k ∈ {N + , . . . , M}, g k () =  and g k (x) is a Lipschitz function, i.e.
where K k is a finite positive constant. (b) The kernel a k (t, s) is continuous and fulfils the condition () for any k ∈ I = {, , . . . , M}. (c) The delays r k (t), k ∈ I are continuous with t -r k (t) → ∞ as t → ∞. Under such assumptions, equation () with an initial data admits a unique solutions. Moreover, it follows from the first part of Theorem  that the solution x(t) of () is also the solution to the following quasilinear equation:
This equation belongs to the class of quasilinear functional differential equations with oscillating coefficients of the forṁ
Our recent paper [] provides many different conditions for the stability of (). For the conciseness of the present paper, we only recall here the general results stated in [] and leave specific cases for the reader. Put
Theorem . in [] reads as follows. 
Proposition  (Dung []) Suppose that there exists a continuous function q
: [, ∞) → R such that lim inf t→∞ t  N k= b k (u) + q(u) du > -∞, sup t≥ t  q(s) + g(s) + N k= b k (s) s s-h k (s) f (u) du e - t s [ N k= b k (u)+q(u)] du ds := α < .
Then the zero solution of () is asymptotically stable if and only if
where b k (t) := t t-r k (t) a k (t, s) ds and the functions f , g are defined as in ().
Proof Once again, the proof of this theorem is similar to that of Theorem . So we omit it here.
We conclude this section with an example.
Example Consider the equatioṅ 
Conclusion
In this paper, we proved a transfer theorem for the Levin-Nohel equations. Because of its simplicity, the transfer theorem provides us with an effective method to investigate the stability of the Levin-Nohel equations. Each of the known stability conditions for the corresponding functional differential equations may give us a stability condition for the original Levin-Nohel equations. By using the transfer theorem, we obtain simple proofs for some well-known results (Theorems  and ) and new stability conditions (Theorems  and ) for the Levin-Nohel equations.
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